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Introduction

FTEN we would like to estimate the state of a system given
a set of measurements taken over an interval of time. Kalman
filteringis a useful techniquefor estimating or updating the previous
estimate of a system’s state by 1) using indirect measurements of
the state variables and 2) using the covariance information of both
the state variables and the indirect measurements. Kalman filtering'
originally started as a solution to the state estimation problemin lin-
ear time-invariantstate-spacestructures,in which a linear, stochastic
dynamic system is represented by a set of differential equations de-
scribing the evolution of the states in time and a set of algebraic
equations that map the states to measured outputs. Today Kalman
filtering is one of the key tools in data assimilation, and it has been
used extensively in many diverse applications, such as navigation
and guidance systems, radar tracking, sonar ranging, and satellite
orbit determination 2
The Kalman filter requires knowledge of the process dynamics,
and the quality of the filter estimation depends on the degree of
accuracy of the system model. The goal of this Note is to present
a continuous-time Kalman-filter-based differentiator that estimates
the higher derivatives of a given output without knowledge of the
system dynamics being observed. A discrete-time version will be
deduced from the continuous-time observer. This technique can be,
of course, generalized to any dynamic system. Consequently, un-
der certain mild assumptions, the proposed differentiators can be
used as key elements to reproduce any unknown state that is given
as a function of the input, the output, and finite number of their
higher derivatives? To highlight the effectivenessof such an obser-
vation approach, note that behavior of a state variable of a dynamic
system cannot be determined exactly by direct measurements; in-
stead, we usually find that the measurements that we make are func-
tions of the state variables and that these measurements are cor-
rupted by random noise. The system itself may also be subjected
to random disturbances. It is then required to estimate the state
variables from noisy observations. See Refs. 3—11 for past work in
this area.
Notice that a lot of nonlinear observation techniques described
in the literature cannot operate directly on the data without any
knowledge about the system model being observed. To clarify this,
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consider the two-dimensional nonlinear system

X =X, X, = f(x1,%,,0), y =X (D
where f(-) is a nonlinear function of the state variables and the
unknown parameter 6.

Constructing a classical nonlinear observer for Eq. (1) necessi-
tates at least the knowledge of the upper bound of f(-) but if we
are able to observe or estimate x, =y from only the knowledge of
y, this implies that the differentiation procedureis insensitive to the
presence of the uncertain parameter 6. This is not to say that dif-
ferentiation observer algorithms always exclude knowledge of the
system dynamics, but, rather, that they can operate with or without
this knowledge (dependingon the structure of the system).>’~° De-
pending on the observation constraints, the user decides what types
of observation techniques will be used and when they will be used.
See Ref. 3, where we have examined several examples showing that
the differentiationobserver either uses, in a fundamentally essential
way, the dynamics of the system or only uses observational data
information.

The question is why have we chosen the structure of the Kalman
filter to build an arbitrary-order differentiator. This is for the fol-
lowing reasons: 1) The arbitrary-order differentiator can be used
without any proof of convergence or synthesis of its stability. 2)
The differentiator representation in a state-space form offers a re-
markable simplicity while we use the differentiatorin closed-loop
configuration. 3) The Kalman-filter-based differentiator takes into
account the measurement uncertainties explicitly. 4) The Kalman-
filter-based differentiator takes measurements into account incre-
mentally. 5) The Kalman filter based differentiator can take into
account a priori information, if any.

One of the interesting applicationsof numerical differentiationis
to track the target motion with an unknown dynamic model.!?~!3
Tracking a target of unknown varying model is a difficult task.
A common technique to accomplish this task is a Kalman fil-
ter, which predicts the state of the target at the next time period
and chooses the detection that best matches this predicted state.
The fundamental problems in target tracking are 1) the absence of
accurate target models and b) noise in the measurements. If the
target dynamic model were known, it would be then possible to
build an observer, and the problem would be completely solved.
However, this is not possible, and hence, accurate tracking neces-
sitates robust time-derivative estimation of the measured angles,
such as the azimuth, etc. Consequently, the tracking problem will
be reduced to a classical differentiation problem. Throughout this
Note IR is the set of real numbers, || - || denotes the habitual Eu-
clidean norm, Apax (A) is the largest eigenvalue of the matrix A,
Amin(A) is the smallest eigenvalue of A, and §; ; is the Kronecker
symbol.

Continuous-Time Differentiation Observer

Refer to the vast literature that has been devoted to target tracking
with Kalman filter; differentiation algorithms have been developed
in discrete-time models. These models are designed to estimate the
velocity and the accelerationof the targetin certain coordinates and
are known as the a—p tracker and the a—f—y tracker. In this Note,
we start by developingthe nth-ordercontinuous-timedifferentiation
observer, then under certain conditions, we extend the theory to the
discrete-time case.
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This section is mainly concerned with the derivation of the
Kalman-filter-baseddifferentiationalgorithm from the point of view
of it being a time-varying linear differentiatorand with how the dif-
ferentiation algorithm may be used in practice.

Because there is no model for the measured output y, which is
supposed to be of finite energy with its higher derivatives, we will
estimate the (n — 1) first derivativesof y using a time-varyinglinear
system. This system has the form of a classical Kalman filter. The
whole designofthis differentiatoris givenby the following theorem.

Theorem 1. Consider the continuous-time system

X =Ax+ P@)C'(y — Cx)
P(t) = AP(t)+ P(HA' — P()C'CP(t1) + Q(a, y)  (2)

where
AelR"™", Aij=20ij-1,

CeR'*", Ci =56,
O(ar, y) = diag[ (o7 — 2014 10t

F20 02— )yE >0, i=1,...,n] e R (3)

with ap=1 and o; =0 for 0> i >n. If 1) y is of class €™ and
sup, .o [y?| <y, 1<i <n, and 2) the polynomial

n
s" 4+ E o;s" !

is Hurwitz, then for large values of y system (2) approximates the
successive higher derivative of the signal y when time elapses.
Proof. Let x, be the vector state of the following system:

o = AXs + P oC'(y — Cxo)

AP+ PLA = PLCCPL Q@ y) =0 @)

and let e =x — x, then
é=Ae+ P(t)C'(y — Cx) — P,C'(y — Cxy)

By adding and subtractingthe term P () C'Cx, to the last equation,
we have
e=[A—P@)C'Cle+[P(t) — PL,]C'(y — Cxy) )

Note that w=y—Cx, and b=[P(t)— P,]C'. Because
d/dr[P(0)P~' ()] =0, then P~'(1)=—P~' (1) P(1) P~ (1). Using
Egs. (2), we have
PH=—P ' )A— AP 1) = P (0. y)P! +C'C
(6)

Then if we take V =€’ P~!(¢)e as a Lyapunov function for Eq. (5),
we get

V=éPl e+ PT (e + ¢ PTH(1)e = (€[ = C'CP(1)]
+w'b )P (1)e + [P (1)A — A'PN(1)
—P'(1)Q(a, y) P! (1) + C'Cle

+e' P ){[A — P(1)C'Cle + bw)
This gives
V=¢[—P ' (1)Q(a, y) P~ () — C'C)e +2¢' P~ (1)bw
< [—P'1)Q(, y) P (t)]e + 2¢' P~ (t)bw
Let& = P~!(t)e, then V=&'P(¢)¢ and
V < —£'0(., y)E + 2£'bw

< —Aminl Q(@, VN + 20BN w
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Because P (t) is strictly increasing and lim, _, o, P(¢) = P, then
there exists u > 0 such that

ol < 1P(0) — Py lle™
Furthermore, for large valuesof y andx,, (0) < y, theerror function
y — Cx is bounded as follows:

sup|y — Cxq| =sup |y — Cexp[(A — P,,C'C)tlx (0)

(=0 >0

t
—C/eXP[(A—PooC’C)(t—r)]PooC’y(r)dr <suplyl<y
0

IZO
We have (a2 — 20,)y2|E]I> <&’ Q(a, ¥)E <,y [|£ 1%, then
V < —Aminl Qa, MIEN? + 2¢, 7 E e
Ain[ (e, V) 2ciy?
e ——— +— M
< 2 e

IA

—Cil§1? + Cye™

where ¢, =[|P(0) — P ll, C,=(a} — 2a3)y?/2, and C,=2c?/
(o? —2a,). From the last inequality, we have

V < —C3V + Cre™ 2 N

where C3 = C|/Amax (Px). This implies that lim; _, ., x =X. The
steady differentiatorgain is a high-gain vector of the following form:

ay"] (8)

Take the Laplace transform of the first of Eqs. (4) and let %, (s)
and Y (s) be the Laplace transform of x, and y, respectively; then

Hoo (8)/Y (5)

Dividing the numerator and the denominator of the each transfer
function of ¥, (s)/Y (s) by ", we get for y sufficiently large

% n
|: Y(S):| Za”/k ngn— k+71/2;akyknsnk

g e )

~ g/l (10)

P.C = [0511/ 0121/2

=@GlI-A+ P, C'O)'PC )

It means that the jth state x; approximates the (j — 1)th derivative
of y. This ends the proof.

Discrete-Time Differentiation Observer

Because the Kalman filter is generally implemented on digital
computers, this section concerns the development of the discrete-
time model of the differentiation observer. The proposed discrete-
time differentiatoris formulated as a classical Kalman filter, written
in a predictor—corrector form. The breakdown of the derivative es-
timates is summarized in the following theorem.

Theorem 2: Consider the discrete-time system

X1 =eMx+ PC[(1/8) + CP.C'T ! (v — Cetixy)

Py =ePe?? — e PC[(1/8) + CP.C'T CPe™ + Q(B, 6)

1n

where A and C are defined as in Theorem 1 and the matrix Q is
defined as follows:
., ﬂn /52n—l]

Q(B. 8) =diag[1/8. B, /8°,
Bii=1,....,meR,
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Then for sufficiently small sampling period § and for any bounded
signal y,, k € Z, of class 6™ such that 1) [sup;=oly. | < (1/8),
i=1,...,n], and 2) the polynomial

n
s" 4+ E a;s" !

is Hurwitz, the vector state of Eq. (11) approximates the succes-
sive higher derivatives of y; for all k € Z . The vector « is defined
as in theorem 1 and (B; =o? — 20410 + 204 400 — -+ °),
1<i<n.

Proof. When § is too small, we can write the following approxi-
mations:

[(1/8) + CP,C'T" ~ &

e =T +8A+ (82/2DA* + (83 /3NA  + ... = 1 +5A
CeM ~C (12)
Then
Xep1 =T+ 8A)x, +8P.C' (v — Cxy)
Consequently,

lim[(x; 41 —x)/8] =X = Ax + PC'(y — Cx)
50

Substituting approximation (12) in Eq. (11), we get
Pioi=U+8A)P.(I +8AY — 8 +8A)P,C'CP(I + SAY

+Q0(B,8) = P + 8P A +8AP, + 8> AP A

+38(P.C'CP + 8 AP,C'CP)(I + 5A) + Q(B, 8)

When all of the terms having powers of § greater or equal to 2 are
neglected, then

Py — P)/8§=AP, + PA — P.C'CP, +[0Q(B,8)/81 (13)

If we take y =1/6, and B; = o2 — 20t 10— + 20 420 _9 — -+ -,
then

Q(B.8)/8 = diag[ (o] — 20 10

205 00 5 = )yYs i=1,...,n]

When the limit lim;_, o(Ps 41 — P)/8 is taken, the discrete equa-
tion (13) coincides with the continuous-time differential equation
givenin Eq. (2). Hence, as we have proved Theorem 1, we conclude
that system (11) is a discrete-time differentiation observer.

Note that when time elapses the discrete-time differentiator re-
duces to a time-invariantfilter. This is equivalentto an optimal dis-
crete filter, which in a transfer function form is known as a Wiener
filter. The discrete vector gain P,,C'[(1/§) + CPOOC’]’l takes the
form [X; Ap/8 --- )»,,/8""]’, where A;, i =1, ..., n,arenonlinear
functions of the parameters §;, i =1, ..., n. Then the model of the
discrete-time differentiatoris

A

)\.2/8

Xiky+1 = eMxk + . (yk - CeAa)Ck) (14)
)Ln/an—l

For n =2, the discrete time differentiator (11) is exactly the well-
known a—p filter, here, « =A; and B = A,,

xi(k+1) = x1 (k) + dxa(k) + A [y (k) — y(k)]
Xk + 1) = x2(k) + (h2/8)[y (k) — y(K)] (15)

where y (k) = C Ax (k).
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Application to Target Tracking

We suppose that no mathematical model is assumed to be
known for the target dynamics. The objective is to estimate the
velocity and the acceleration of the target in Cartesian coordi-
nates x and y (Fig. 1). We suppose that the target flies at a
constant but unknown speed along a circular trajectory of ra-
dius » =3000 m. The center of the target trajectory is located
at x =y =5000 m and z=1000 m. This flight maneuver gen-
erates sinusoidal functions of time along x and y coordinates.
This gives x =r coswt, X = —rw sinwt, and ¥ = —rw? cos wt and
y=rsinwt, y=rwcoswt, and y = —re? sin wt. We suppose that
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Fig. 4 Discrete X and its estimate .

x and y are totally determined by measuringr, 6, and ¢ in a discrete
manner. To compute the estimates of the velocities and the accelera-
tions, v, =X and a, =X, v, =y, and a, = ¥, we write two dynamic
systems of order three in which the measurement x and y appear as
inputs of the differentiationmodels. The parameter y is selected so
thaty > rw?. System (11) is employed for n = 3 to estimate the first
discrete derivatives of x and y with an appropriate sampling period
§=10"sande; = Ci,i =1, 2, 3 (Figs.2—-4). The intensity of noise
is set equal to 10% of the amplitude of the measured signal. In the
discrete-time case, the tradeoff between the fast convergence of the
estimates and filtering is a difficult task. The best coefficients of the
discrete-time differentiatorand the sampling period must be chosen
accordingto the noiselevel. Notice thatin the continuous-timecase,
the differentiator works perfectly and the differentiation error can
be reduced more by increasing the value of . One can easily prove
that the differentiationerror is proportionalto 1/y (Ref. 3).

Conclusions

In this Note a continuous-time arbitrary-order differentiator is
proposed to estimate the time derivatives of any bounded differen-
tiable signal. The differentiation design strategy is formulated as a
Kalman observer, where the model of the signal does not appear in
the differential equations of the observer. The discrete-time version
of the differentiatoris also discussed to deal with sampled signals.
The proposed discrete-time differentiation observer generalizes all
Kalman suboptimal trackers. These kinds of differentiators can be
applied in many fields of research, such as multiple target tracking,
stabilizationproblems,identification, and observerdesign, in which
no dynamic mathematical model is explicitly assumed.
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